The essential element in modern asset pricing theory is a positive random variable called "the stochastic discount factor" (SDF). This object allows one to price any payoff stream.
Consumption-Based Asset Pricing Models: Theory
Consumption-based asset pricing models study the pricing of risky payoff streams using the covariance of these payoffs with the marginal utility growth of investors.
The central component of a consumption-based asset pricing model is the Euler equation, which imposes restrictions on the covariance between asset returns and the marginal utility growth of investors. An easy and intuitive way to derive this equation is by using a variational argument. Suppose that the optimal consumption path of investor i is given by {C
where T is possibly infinite. Suppose further that an asset j is available with a return R j t,t+1 between periods t and t + 1, and the investor is not facing a binding portfolio constraint with respect to this asset. Then a feasible strategy is to reduce consumption at time t by a small amount ε, invest it in asset j, and consume the proceeds, C i t+1 +εR j t+1 , in the next period. Assuming a time-separable utility function, with the one-period felicity function denoted by U and a time discount factor of β, this strategy changes the investors' expected lifetime utility by −U c (C
, where E t is the mathematical conditional expectation operator; X represents the arguments of the utility function other than consumption; and U c denotes the partial derivative with respect to consumption. The optimality of the original sequence implies that this strategy cannot be profitable for any amount ε and any asset available. Setting this gain to zero and rearranging yields the Euler equation:
This Euler equation was first derived by Rubinstein (1976) and Lucas (1978) in discrete time, and by Breeden (1979) in continuous time. While this class of models can in principle be used to study a broad variety of assets, this entry will focus on stocks and short-term bonds, which have received the greatest attention in the consumption-based asset pricing literature.
In the case of a one-period discount bond with gross return R f t,t+1 = 1/P f t -a bond that costs P f t dollars today and pays off 1 dollar tomorrow-the Euler equation can be rewritten as
Similarly, when the asset is a stock with ex-dividend price P 
which determines the price of a share of equity as the value of all future dividends it entitles discounted by the pricing kernel. Lucas (1978) and Mehra and Prescott (1985) used a representative-agent endowment economy structure in which the dividend stream, {D t } ∞ t=1 , is exogenously produced by a "tree." Furthermore, these dividends are assumed to be perishable ("fruit"), so in equilibrium the price of equity (in the tree) adjusts to the point where the representative agent is willing to consume all available dividends: C t = D t . Substituting this condition into the expression for M in equation (1), and then using M in equations (2) and (3) shows that the price of this stock and that of the one-period bond are entirely determined by the stochastic process for D t together with the functional form for U (ignoring X t for now). Hansen and Singleton (1983) tested the representative agent's Euler equation on US consumption data, and they found the model was rejected. Mehra and Prescott (1985) showed that when one chooses the properties of C t to match the moments of aggregate consumption in the data ("calibrate the model to data"), the equity premium E R s t+1 − R f t generated by the model was about 60 times smaller than that observed in the historical U.S. data. This "equity premium puzzle" has generated enormous interest and led to the development of a wide range of consumption-based asset pricing models in an attempt to resolve it. For further discussion of the empirical performance of these models, see "Consumption-based asset pricing models: Empirical performance."
An alternative way to explain the hurdles these models face is by deriving an empirical lower bound on the volatility of the SDF. Subtracting the Euler equations for bond returns from the one for stock returns yields: 
where σ (·) denotes the standard deviation. Observing that the correlation term is bounded from above in absolute value by 1, we get
The left hand side of this inequality is the Sharpe ratio, which measures the (expected) excess return demanded by investors per unit (standard deviation) of risk they bear, which averages about 0.40 in annual U.S. data. The right hand side is called the market price of risk or the maximum Sharpe ratio. This implies that a consumption-based model must be able to generate an SDF with a coefficient of variation (standard deviation normalized by mean) of at least 40 percent to be consistent with the Sharpe ratio observed in the data. Hansen and Jagannathan (1991) developed and generalized this observation to provide a "volatility bounds" test for potential candidate models. As discussed in the entry "Consumption-based asset pricing models: empirical performance" the majority of plausibly calibrated asset pricing models fail this test.
When the investor faces a binding borrowing constraint, she cannot increase her consumption today by reducing the holdings of asset j. This implies that her marginal utility today will remain higher than the value implied by the equality condition in (1), and the Euler condition for that asset will be an inequality: E t M t,t+1 R j t,t+1 < 1. This relaxes the lower bound on the SDF volatility derived in equation (5) (cf., Luttmer (1996) ).
To develop further implications of consumption based models it is necessary to impose further structure on M t,t+1 , which requires being more specific about (i) the functional form and the arguments of the utility function; (ii) the stochastic properties of variables affecting marginal utility (i.e, consumption, leisure, etc.); and (iii) the market structure. The latter determines whether an appropriate aggregation theorem holds (which happens for example when markets are complete) in which case C i can be replaced with aggregate consumption. Therefore, consumption based models can be broadly categorized based on the assumptions they make on these three dimensions. These different models are discussed in the next entry.
Predictability
The standard deviation of the log price/dividend (P/D) ratio of stocks is extremely high-about 40 percent per annum in the U.S. data. In a world with a constant SDF (as would be the case with risk-neutral investors), it is impossible to rationalize this high volatility with the relatively low variability of the underlying dividend stream (LeRoy and Porter (1981) and Shiller (1981) ). Let p t denote the log price, d t denote the log dividend, and r t denote the log return. Using a first-order approximation, Campbell and Shiller (1988) show that the log P/D ratio can be decomposed as follows:
with ρ = exp(pd)/(1 + exp(pd)) and pd denotes the average log P/D ratio. The first term in the square brackets is referred to as the cash flow component, and the second part is referred to as the discount rate component. This decomposition implies that the variance of the log P/D ratio can be stated as :
The P/D ratio on stocks only moves because it predicts future returns on stocks or because it predicts future dividend growth. In the data, most of the volatility in P/D ratios is due to news about future expected returns ('discount rates'), not due to future dividend growth ('cash flows') (Campbell (1991) and Cochrane (1991) ). There is a large literature that documents the predictability of stock returns over longer holding periods, starting with work by Campbell and Shiller (1988) and Campbell and Shiller (1998) , Poterba and Summers (1986) and Fama and French (1988) and Fama and French (1989) . Other variables that predict returns include the spread between long and short bonds (Fama and French (1989) ) and the T-bill rate (Lamont (1998) ).
More recently, more attention has been paid to macro variables that predict returns, most notably in the work by Lettau and Ludvigson (2001a) who document that the consumption/wealth ratio is a powerful predictor of stock returns.
So, the volatility of P/D ratio implies that excess returns on stocks are highly predictable. In other words, expected excess returns change a lot over time, even per unit of risk. We use the conditional version of the expression in (4) to understand the implications of this finding:
where σ t denotes the conditional standard deviation. Good models need to produce a lot of time variation in the right hand side of (6) and this happens mostly through variation in the conditional market price of risk (first term). This is an upper bound on the conditional Sharpe ratio. (See also Lettau and Ludvigson (2001b) on how to measure variation in the conditional Sharpe ratio.) Another test of consumption-based asset pricing models is whether they are able to generate as much predictability as found in the data. Examples of early models that match the variation in the conditional market price of risk include Kandel and Stambaugh (1990) , Campbell and Cochrane (2000) and Barberis, Huang, and Santos (2001) . More recent work includes the work by Santos and Veronesi (2005) and Menzly, Santos, and Veronesi (2004) , Piazzesi, Schneider, and Tuzel (2006) , Guvenen (2005) , Lustig and Van Nieuwerburgh (2005) and Nieuwerburgh (2006), Bansal and Yaron (2004) . These models are discussed in detail in " Consumption Based Asset Pricing Models: Empirical Performance".
